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Abstract: Electromagnetic wave propagation in a nonuniform, collisional, magnetized plasma slab is investigated within
magnetoionic theory. We allow for the presence of an ideal conductor at a distance d from the right transmissive plasma
boundary, and derive the reflection, absorption, and transmission coefficients analytically for an arbitrary inhomogeneous
plasma density profile. Dividing the inhomogeneous plasma slab into n thin layers allows for treating each layer as a homo-
geneous plasma and, therefore, the complex index of refraction of the magnetoionic theory is used to express the complex
propagation vector of the waves in each layer. Upon matching the fields at all interfaces, a global matrix is formed that al-
lows for the determination of the reflection, absorption, and transmission coefficients analytically. Results show that in the
absence of the metallic wall, the reflected signal is a weak peak near uce, while in the presence of the metallic wall this
weak signal is overwhelmed by a strong transmitted peak from right to left after it has been reflected by the perfectly con-
ducting metallic wall. Also, formation of a wider stealth band as the plasma density increases is observed.

PACS Nos: 52.25.Os, 52.40.Db, 42.50.Ct, 41.20.Jb

Résumé : Dans le cadre de la théorie magnéto-optique, nous étudions la propagation des ondes électromagnétiques dans
une tranche de plasma non uniforme, collisionnel et magnétisé. Nous permettons la présence d’un conducteur idéal à une
distance d à droite de la bordure du plasma transmissif et nous obtenons analytiquement les coefficients de réflexion, d’ab-
sorption et de transmission pour un plasma de profil de densité inhomogène et arbitraire. Diviser notre tranche inhomogène
en n couches minces nous permet de traiter chaque couche comme un plasma homogène et par la suite, l’indice de réfrac-
tion complexe de la théorie magnéto-ionique est utilisé pour exprimer le vecteur complexe de propagation des ondes dans
chaque couche. L’ajustement des champs à toutes les interfaces permet de former une matrice globale qui permet de déter-
miner analytiquement les coefficients de réflexion, d’absorption et de transmission. Les résultats indiquent qu’en l’absence
d’un mur métallique, le signal réfléchi a un faible pic autour de uce, alors qu’en présence d’un mur métallique, ce signal
faible est complètement couvert par un fort pic de transmission de la droite vers la gauche, après qu’il sa réflexion par le
mur parfaitement métallique. Nous observons aussi la formation de bandes furtives plus larges lorsque la densité du plasma
augmente.

[Traduit par la Rédaction]

1. Introduction

Investigation of electromagnetic wave propagation in inho-
mogeneous magnetized plasma has, for years, attracted much
attention due to its wide range of applications, particularly in
telecommunication, where plasma may be used as an electro-
magnetic scatterer or absorber with potential applications to
stealth technology. In most of the previous work, the nonuni-
form plasma is looked at as a series of plasma slabs, where
the wave is partially absorbed in each slab and partially re-
flected and transmitted at each boundary between two con-
secutive slabs [1–7]. Butler et al. [2] have computed the
phase and attenuation of millimetre waves in dielectric wave-
guides with thin surface plasma layers for various layer thick-
nesses. Laroussi and Roth [3] have studied numerically the

effect of different plasma parameters on microwave propaga-
tion in nonuniform plasma of a series of subslabs. Hu et al.
[4] have investigated the reflection, absorption, and transmis-
sion coefficients for a stratified plasma slab analytically for
different plasma parameters using the scattering matrix
method. Petrin [5] has investigated the possible transmission
of microwaves through a plasma layer with electron concen-
tration more than the critical value and applied his parametric
investigation to the transparency conditions of the shock
wave plasma. Also, reflection characteristics of electromag-
netic waves from multilayer magnetized plasma was studied
by Tang et al. [6] and those for nonmagnetized plasma by
Ma et al. [7]. Recently, Yuan et al. [8] considered electro-
magnetic wave absorption on a structure of nonmagnetized
plasma and a radar-absorbing material near a perfect conduc-
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tor. They found that the electromagnetic wave attenuation is
strongly affected by the plasma parameters as well as the radar-
absorbing material parameters.
The present work is concerned with the analytical deriva-

tion and numerical investigation of expressions for the
reflection, absorption, and transmission coefficients of electro-
magnetic waves in a nonuniform, collisional, magnetized
plasma slab by making use of the complex index of refrac-
tion of the magnetoionic theory of a cold, homogeneous,
collisional, magnetized plasma [4, 9–11]. Because of the in-
homogeneity of the plasma slab under consideration, the
plasma refractive index

ffiffiffiffiffiffiffiffiffi
3ðuÞp

will generally vary with the
plasma density profile, where 3(u) is the plasma longitudi-
nal dielectric function. By dividing the plasma slab into N
uniform layers, each layer will have its own magnetoionic
index of refraction (or wave propagation constant) and will
be treated as a uniform plasma.
The overall effect of the inhomogeneity of the plasma slab

will be accounted for by matching the fields at the interfaces
between the adjacent layers. At each interface between any
two adjacent layers of the plasma slab, say m and m + 1,
there will be two different values for the permittivity 3(m) =
303

(m)(u) and 3(m+1) = 303
(m+1)(u), and two different wave

propagation constants, kðmÞ ¼ u=c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðmÞðuÞ

p
and k(m+1) = u/

c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðmþ1ÞðuÞ

p
, where 30 is the permittivity of free space, u

is the wave frequency, and c the speed of light in vacuum.
Further, we allow for the presence of an ideal conductor a
distance d from the right transmissive plasma boundary,
which in turn leads to the formation of standing wave pat-
terns in the region to the right of the transmissive plasma
boundary. In the presence of the conducting wall, possible
modifications on the total reflection and transmission coeffi-
cients will be investigated in this work.
The paper is organized as follows. In Sect. 2, the model

equations are presented and the reflection, absorption, and
transmission coefficients are derived and compared with
those found in the literature. Numerical results are presented
in Sect. 3. Comments and conclusions are presented in
Sect. 4.

2. Problem formulation

We consider a linearly polarized plane wave such that
Eðx; tÞ ¼ Ezðx; tÞbz. The wave is incident on a magnetized,
collisional, and inhomogeneous plasma slab extending from
x = 0 to x = a. For x < 0 the surrounding region of inci-
dence has a permittivity 3(L) = 303

(L)(u), while it is 3(R) =
303

(R)(u) in the medium to the right of the plasma slab inter-
face at x = a. The transmissive region for a < x < b has a
width d = b – a and supports the formation of standing
wave patterns due to the presence of an ideal conductor at
x = b. The plasma slab is divided into n homogeneous layers
with dm+1 – dm being the width of the mth layer, where m =
1, 2, 3, …, n. The incident, reflected, and transmitted waves
propagate along x, perpendicular to the background uniform
magnetic field in the y-direction, such that B ¼ B0by, as
shown in Fig. 1. In the region of incidence to the left of the
plasma slab, the total time-harmonic electric field is given by

EðLÞ
z ðx; tÞ ¼ E0 e

ðLÞ
z ðxÞeiut ð1Þ

eðLÞz ðxÞ ¼ exp �ikðLÞx x
� �þ A exp ikðLÞx x

� � ð2Þ
where E0 is the amplitude of the incident field, A the global
reflection coefficient of the region of incidence, and kðLÞx is
the wave propagation constant in the region of incidence
such that kðLÞ ¼ u=c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðLÞðuÞ

p
. Following the magnetoionic

theory [12], the variation of the wave propagation constant is
ignored over the homogeneous mth plasma layer, and there-
fore, the total wave in the mth layer can be written as follows:

EðmÞ
z ðx; tÞ ¼ E0 e

ðmÞ
z ðxÞeiut ð3Þ

eðmÞz ðxÞ ¼ Bm exp �ikðmÞx x
� �þ Cm exp ikðmÞx x

� � ð4Þ
where Bm and Cm are the partial transmission and reflection
coefficients, respectively. The total wave in the transmissive
region between x = a and x = b is

EðRÞ
z ðx; tÞ ¼ E0 e

ðRÞ
z ðxÞeiut ð5Þ

eðRÞz ðxÞ ¼ D exp �ikðRÞz x
� �þ F exp ikðRÞz x

� � ð6Þ
Here, D stands for the global transmission coefficient and

F is the global reflection coefficient of the region of trans-
mission. The relation between D and F is established by the
vanishing of EðRÞ

z ðx; tÞ at x = b. Accordingly, the electric
field, eðRÞz ðxÞ, of (6) takes on the following form:

eðRÞz ðxÞ ¼ �2iD exp �ikðRÞx b
� �

sin kðRÞx ðx� bÞ ð7Þ

F ¼ �D exp �2ikðRÞx b
� � ð8Þ

where propagation constant k(R) in the region to the right of
the plasma slab is kðRÞ ¼ u=c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðRÞðuÞ

p
. The unknown coeffi-

cients A, Bm, Cm, and D will be determined by matching the
tangential electric field, Ez, and the tangential magnetic field,
Hy = –(i/m0u)@Ez/@x, at all interfaces involved, namely, at
x = 0, x = a, and at all interfaces between adjacent layers
within the plasma slab.
The continuity of the tangential electric field, Ez, and mag-

netic field, Hy, at the interface between the incidence region
and the first plasma layer, yield the following two equations
presented in matrix form

Fig. 1. Geometry of the problem.
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B1

C1

" #
¼ S1

A

1

" #
ð9Þ

where S1 is given by

S1 ¼
1 1

kð1Þx �kð1Þx

" #�1
1 1

kð0Þx �kð0Þx

" #

¼ 1

2kð1Þx

kð1Þx �kðLÞx kð1Þx þkðLÞx

kð1Þx þkðLÞx kð1Þx �kðLÞx

" #
ð10Þ

The same matching conditions applied on the boundary
between any two consecutive layers, say the m and m – 1
layers, yield the following system of equations:

Bm

Cm

 !
¼ Sm

Bm�1

Cm�1

 !
ð11Þ

where m in (11) varies from m = 2 to m = n, matrix Sm is
given by

Sm ¼
exp �ikðmÞx dm

� �
exp

�
ikðmÞx dm

�
kðmÞx exp �ikðmÞx dm

� � �kðmÞx exp ikðmÞx dm
� �

264
375

�
exp �ikðm�1Þ

x dm
� �

exp ikðm�1Þ
x dm

� �
kðm�1Þ
x exp �ikðm�1Þ

x dm
� � �kðm�1Þ

x exp ikðm�1Þ
x dm

� �" #

� 1

2kðmÞx

a11 a12

a21 a22

" #
ð12Þ

and the elements of matrix Sm are given by

a11 ¼ kðmÞ þ kðm�1Þ� �
exp idm kðmÞ � kðm�1Þ� �� �

a12 ¼ kðmÞ � kðm�1Þ� �
exp idm kðmÞ þ kðm�1Þ� �� �

a21 ¼ kðmÞ � kðm�1Þ� �
exp �idm kðmÞ � kðm�1Þ� �� �

a22 ¼ kðmÞ þ kðm�1Þ� �
exp �idm kðmÞ � kðm�1Þ� �� �

The tangential fields are now matched at x = a. From the
continuity of Ez and Hy at x = a, we obtain the following
system of equations:

Bn

Cn

" #
¼ DV ð13Þ

where the column vector V is given by

V ¼
exp �ikðnÞx a

� �
exp ikðnÞx a

� �
kðnÞx exp �ikðnÞx a

� � �kðnÞx exp ikðnÞx a
� �" #�1

� 2 exp �ikðRÞx b
� � i sin kðRÞx d

� �
kðRÞx cos kðRÞx d

� �" #
which, when simplified, gives

V ¼
v1

v2

" #
ð14Þ

with the elements of the V column vector, namely n1 and n2,
given by

v1 ¼
exp ikðnÞx a� ikðRÞx b

� �
kðnÞx

� ikðnÞx sin kðRÞx d
� �þ kðRÞx cos kðRÞx d

� �� �
v2 ¼

exp �ikðnÞx a� ikðRÞx b
� �

kðnÞx

� ikðnÞx sin kðRÞx d
� �� kðRÞx cos kðRÞx d

� �� �
Combining (9), (11), and (13) to eleminate the local coef-

ficients B and C yields the following sytem for the coeffi-
cients A and D:

S
A

1

" #
¼ DV ð15Þ

where the matrix S is directly obtained from (11) by assum-
ing m → m – 1 and iterating the process n times (n being the
number of sublayers). The resulting formula for matrix S is

S ¼
Y2
m¼n

Sm

 !
S1 ð16Þ

Upon writing the resulting product matrix of (16) in the
form

S ¼
a11 a12

a21 a22

" #
ð17Þ

we arrive at the following closed form for the two coeffi-
cients A and D:

A

D

" #
¼ 1

a11v2 � a21v1

�v2 v1

�a12 a11

" #
a12

a22

" #
ð18Þ

Equation (18) gives, in closed form, the normalized global
reflection and transmission coefficients for an electromag-
netic wave incident on plasma.

3. Numerical results

In this section, we present numerical examples of the effect
of plasma parameters on reflection, absorption, and transmis-
sion of electromagnetic waves in nonuniform magnetized
plasma. We consider an exponentially increasing plasma den-
sity profile such that N = N0eax, where N0 is the plasma den-
sity at the incidence interface x = 0 and a is a positive
constant, and we divide the plasma slab into n layers with
the plasma density being Nm within the mth layer.
The magnetoionic Appleton–Hartree theory was developed

to describe electromagnetic wave propagation in ionized me-
dia in the presence of static magnetic fields (see e.g., ref. 12).
Magnetoionic and optical-ray theories lead to useful and sat-
isfactory description of wave propagation and reflection.
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Within the magnetoionic theory combined with the optical
ray theory, waves are assumed to be of a plane wave nature
with a complex propagation constant, namely, they vary as
eiut–Kx with all the dynamical effects being included in the
complex propagation constant K.
In the presence of a perpendicular background magnetic

field the plasma in general is anisotropic, and it sustains two
modes; an ordinary mode along the B-field and an extraordi-
nary mode perpendicular to the B-field. By the Appleton–
Hartree theory, the dynamical effect is reduced into a modifi-
cation in the longitudinal plasma dielectric function. Within
each layer of the plasma slab, the longitudinal plasma dielec-
tric function 3(m) of the mth layer for perpendicular wave
propagation at frequency u used in all numerical examples is
given by [9, 10, 12]

3ðmÞðuÞ ¼ �1

� F � D2
T

2ð1þ FÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D4
T

4ð1þ FÞ2 þ D2
L

r( )�1

ð19Þ

F ¼ Aþ iB A ¼ � u2

u2
p;m

B ¼ un

u2
p;m

ð20Þ

DT ¼ um3HT

nee
DL ¼ um3HL

nee
ð21Þ

where up,m is the mth layer plasma frequency, uce the elec-
tron gyro-frequency, n the effective collision frequency
(which accounts for losses in the plasma slab), e the elemen-
tary charge, and ne is the electron plasma density. Here HL
and HT are, respectively, the magnetic field components
along and normal to the direction of wave propagation.
Equation (19) known as the magnetoionic equation was

first derived by Appleton and independently by Hartree. The
plus and minus signs in (19) show that the medium supports
two characteristic modes. Also, the propagation constant, K,
can take two values and, therefore, an incident wave will split
into two wave components with different phase velocities,
polarizations, and absorptions. These waves are usually as-
signed as ordinary and extraordinary waves. For propagation
normal to a magnetic field, the plus sign represents an ordi-
nary mode and the minus sign represents the extraordinary
mode. In our numerical analysis, (19) for the propagation
and absorption of the extraordinary mode is used for the
case HL = 0.
Figure 2 shows the absorption versus wave frequency with

(solid line) and without (dotted line) the conducting wall at
x = b. Other parameters used to produce the figure are cyclo-
tron frequency fce = uce/2p = 4 GHz, collision frequency
fcol = n/2p = 0.02 fce, N0 = 1015 m–3, a = 10 cm, and d =
5 cm. Both curves show peak absorption values at wave fre-
quencies in the vicinity of electron cyclotron frequency, u ≈
uce. The absorption is higher in the presence of the metallic
wall as waves travel more in the plasma (incident wave trav-
eling from left to right and wave reflected from the metallic
wall reenters the plasma and travels from right to left). Fig-
ure 3 explains the difference in the morphology of the re-
flected intensity in the two cases with (Fig. 3a) and without
(Fig. 3b) the metallic wall. The curves of Fig. 3 show that in

the absence of the metallic wall the reflected signal is a weak
peak near uce (see e.g., ref. 4), while this weak signal is over-
whelmed by strong transmission from right to left after the
wave has been reflected by the perfectly conducting metallic
wall.
Figure 4 shows absorption versus wave frequency for four

different initial plasma densities N0. Other parameters are
fce = 3 GHz, n = 0.1 uce, a = 30 cm, and d = 5 cm. Narrow
to wide peaks correspond to N0 = 1015, 1016, 1017, and 5 ×
1017. Here we observe the formation of a wider stealth band
as the plasma thickness increases. Controlling the plasma pa-
rameters and the thickness of the gap between the plasma
slab and the conducting wall, one can control the range of al-
most full absorption; For example, for N0 = 1017, fce =
3 GHz, n = 0.1 uce, a = 30 cm, and d = 5 cm, one can ob-
tain almost a full absorption of the C-band. This result is in
qualitative agreement with that in ref. 8. Yuan et al., how-
ever, deal with nonmagnetized plasma and miss the broad ab-
sorption peak resonant with the electron cyclotron frequency.
Figures 5 and 6 show absorption and reflection, respec-

tively, versus the wave frequency 2 MHz < f < 6 MHz and
width 0 cm < a < 25 cm of the plasma slab. Inner to outer
contours in Fig. 5 correspond to absorption values 0.8, 0.6,
0.4, and 0.2. In Fig. 6, inner to outer contours correspond to
absorption values 0.2, 0.4, 0.6, and 0.8. We observe that as
the plasma thickness increases, both absorption and reflection
peaks in the uce vicinity widen and strengthen.
Figures 7 and 8 show absorption and reflection, respec-

tively, versus wave frequency 1 MHz < f < 5 MHz and effec-
tive collision frequency 0 MHz < fcol < 0.3 MHz. Inner to
outer contours in Fig. 7 correspond to absorption values 0.8,
0.6, 0.4, and 0.2, while those of Fig. 8 correspond to 0.2,
0.4, 0.6, and 0.8. Results show a weak increase in absorption
as the collision frequency increases. This is due to the in-
crease in absorption of energy from the wave as a result of
more momentum transfer from electrons to neutral particles
as collision frequency increases.

Fig. 2. Normalized absorbed intensity versus wave frequency (GHz)
for plasma with (solid line) and without (dotted line) a reflecting
conductor. Parameters are fce = 4 GHz, n = 0.02 uce, N0 = 1015 m–3,
a = 10 cm, and d = 5 cm.
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4. Comments and conclusion
The paper presents analytical derivation and numerical

investigation of the reflection, absorption, and transmission

coefficients of extraordinary electromagnetic waves in a cold,
nonuniform, collisional, magnetized plasma slab using
Appleton–Hartree magnetoionic theory. The presence of an

Fig. 3. Normalized reflected intensity versus wave frequency (GHz) for plasma (a) with and (b) without a reflecting conductor. Parameters are
fce = 4 GHz, n = 0.02 uce, N0 = 1015 m–3, a = 10 cm, and d = 5 cm.

Fig. 4. Normalized absorbed intensity versus wave frequency (GHz) for plasma with a reflecting conductor for different values of plasma
density: N0 = (a) 1015, (b) 1016, (c) 1017, and (d) 5 × 1017. Other parameters are fce = 3 GHz, n = 0.1 uce, a = 30 cm, and d = 5 cm.
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ideal conducting surface at a distance d from the right trans-
missive plasma boundary allows for the formation of stand-
ing waves. Modifications on the local and global scattering
matrices and on the total reflection and transmission coeffi-
cients have been investigated numerically in a series of fig-
ures for different parameters. In the absence of the metallic
wall, the reflected signal is a weak peak near uce, while in
the presence of the metallic wall this weak signal is over-
whelmed by a strong transmitted peak from right to left after
it has been reflected by the perfectly conducting metallic
wall. Results show the formation of a wider stealth band as
the plasma thickness increases, and a weak increase in ab-
sorption as the collision frequency increases. As mentioned
earlier, for N0 = 1017, fce = 3 GHz, n = 0.1 uce, a = 30 cm,
and d = 5 cm, one can obtain almost a full absorption of the
C-band.
In a collisionless cold plasma, waves are reflected at the

bulk plasma frequency up. There is a stopband for wave
propagation for frequencies below up, and the passband ex-
ists for u > up [13, 14]. In the presence of collisions, the
propagation characteristics are altered considerably if the col-
lision frequency n approaches or superpasses the plasma fre-
quency. Higher collision frequencies can lead to weaker
absorption. Waves are then allowed to propagate in plasmas
at frequencies below up and the stopband becomes narrower
as n increases and disappears at up ≈ n. For n > up there will
be no stopband, and waves will propagate, although attenu-
ated, at all frequencies [13, 15].
Within the Appleton–Hartree theory, motion of plasma

ions is not important, and the plasma ions are treated as a
neutralizing background of positive charges. In the simplified
treatment of a plasma as a dielectric medium, convection cur-
rents resulting from the plasma electrons and ions are ac-
counted for in the derivation of the equivalent dielectric
permittivity 3 [13, 15, 16]. It is well known that electromag-
netic waves cannot propagate in an overdense plasma if the
plasma frequency is above the excitation frequency. Waves
are reflected at the bulk plasma frequency and become evan-
escent waves [14, 17, 18]. This may give rise to heating of
the plasma and then waves do not travel any more in the ra-
dial direction, but rather propagate along the plasma–vacuum

Fig. 5. Normalized absorbed intensity versus wave frequency (GHz)
and plasma thickness (cm) for plasma with a reflecting conductor.
Parameters are fce = 4 GHz, n = 0.1 uce, N0 = 1015 m–3, and d =
5 cm.

Fig. 6. Normalized reflected intensity versus wave frequency (GHz)
and plasma thickness (cm) for plasma with a reflecting conductor.
Parameters are fce = 4 GHz, n = 0.1 uce, N0 = 1015 m–3, and d =
5 cm.

Fig. 7. Normalized absorbed intensity versus wave and collision fre-
quencies (GHz). Parameters are fce = 4 GHz, N0 = 1015 m–3, a =
30 cm, and d = 5 cm.

Fig. 8. Normalized reflected intensity versus wave and collision fre-
quencies (GHz). Parameters are fce = 4 GHz, N0 = 1015 m–3, a =
30 cm, and d = 5 cm.

246 Can. J. Phys. Vol. 90, 2012

Published by NRC Research Press

C
an

. J
. P

hy
s.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.n

rc
re

se
ar

ch
pr

es
s.

co
m

 b
y 

U
N

IV
 C

A
L

G
A

R
Y

 o
n 

03
/1

1/
12

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y.



or plasma–metal interfaces. The wave energy is then trans-
ferred to the plasma by the evanescent wave, which enters the
plasma perpendicular to its surface and decays exponentially.
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